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The radiance and polarization of multiple scattered light is calculated from the Stokes' vectors by a
Monte Carlo method. The exact scattering matrix for a typical haze and for a cloud whose spherical
drops have an average radius of 12 IA is calculated from the Mie theory. The Stokes' vector is trans-
formed in a collision by this scattering matrix and the rotation matrix. The two angles that define the
photon direction after scattering are chosen by a random process that correctly simulates the actual
distribution functions for both angles. The Monte Carlo results for Rayleigh scattering compare
favorably with well known tabulated results. Curves are given of the reflected and transmitted radi-
ances and polarizations for both the haze and cloud models and for several solar angles, optical thick-
nesses, and surface albedos. The dependence on these various parameters is discussed.

1. Introduction

The transmission and reflection of light by an atmo-
sphere composed of any arbitrary mixture of aerosols
and Rayleigh scattering centers can be treated by a
M Ionte Carlo method.",2 The exact scattering function

calculated from the \/Iie theory,3 including the typical
strong forward scattering maximum, is used in this
method. The photon is followed through multiple
scatterings as long as it makes any appreciable con-
tribution to the intensity.

Our work has previously used the linear theory,
whereas a complete description of the scattering process
requires the use of the Stokes' vectors.4 Chandrase-
khar4 has shown that the intensity calculated from
Rayleigh's phase function by a linear theory generally
differs from the correct intensity obtained by the use of
Stokes' vectors. He showed that differences of the
order of 10% occur between values of the total in-
tensity calculated by these two methods for some values
of the parameters. Although it might be anticipated
that these differences might be less for a Mie phase
function, no data have been available that might be
used to check this point.

In this paper, our M\fonte Carlo work is extended to
include an exact description of the scattering process
that uses a scattering matrix and the Stokes' vectors.
The results are checked for the case of Rayleigh scatter-
ing against the tabulations of Coulson et al.5 The in-
tensity and polarization of the reflected and transmitted
light is calculated for a haze and for nimbostratus

The authors are with the Southwest Center for Advanced
Studies, P. 0. Box 30365, Dallas, Texas 75230.

Received 25 September 1967.

clouds. Several thicknesses and angles of incidence
are considered.

II. Method of Calculation
Our previous Monte Carlo code,' which calculates

radiances due to photons that have undergone multiple
scattering, has been extended to include the four com-
ponent Stokes' vector. Of the possible choices for the
Stokes' components, the set I, Q, U, and V seems to be
the most advantageous in MAionte Carlo calculations.
The total intensity I and the quantity V are both
invariant under a rotation of the reference axes. Thus,
the flux can be estimated at each collision without ro-
tation of the axes. The rotation matrix itself is also
simpler in this representation.

The Stokes' vector after a scattering event (un-
primed variables) is obtained from the Stokes' vector
before the scattering (primed variables) from the trans-
formation:
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The four quantities in the scattering matrix Ml, M2, S 21,
and D21 are identical with the definitions of Van de Hulst
(Ref. 6, see p. 44). The angles i and i2 in the rotation
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pm(a). If at each stage of construction of the path we
play for the variable k with the probability density
function pk*(a) instead of l, we obtain a different path
and the averaged function f*(El, E2, .... , em) becomes
f*(1Ej,...,C-.) = f(C-1 ..... E,,)

X pl(c1) ... p,(en)] /[pj*(Ej) ... p.*(E.)] . (2)

The same expectation value is obtained in either case,
since

= Jf ......
f(XI,... ,x,) { [pi(xi) ... Pm(Xm)] /

[pi*(xi) ... pm*(X )] I [pi*(Xi) ... pm*(Xr)Idxl ... dxm

f f(xlJ m) [piy(xli) .. pa (xr)] dx,..dxm

Ef(iji.... t,.)1 (3)

Although f* and f have the same expectation values,
their variances are different in general.

In order to understand the application of the above
method to our problem, consider the intensity I after a
scattering event, but before the final rotation through
the angle i2. From Eq. (1) it is found that
I(O,il) = 4'(M1 + 12) + i(2 - Ml)

X (Q'cos 2i - U'sin 2i,), (4)

Fig. 1. Reflected radiance as a function of the cosine of the
zenith angle () for Rayleigh scattering. The Stokes' vectors
I and Q are shown for both = 0.02 and 1. The results of the
Monte Carlo calculation are compared with those of Coulson
et al.5 averaged over the same I. intervals. For all these curves,
the cosine of the incident angle (o) is - 1 and the surface albedo

A = 0.

matrix are used as defined by Chandrasekhar (Ref. 4, p.
39 and Fig. 8).

In the Monte Carlo method, the scattering angle 
is selected by a random process from the cumulative
distribution of the scattering function 2(Ml + M2);
similarly the angle i is chosen from a uniform distribu-
tion between 0 and 27r. These distributions are a first
approximation to the correct distributions for 0 and il.
The calculation allows for the difference between the
actual distribution and the approximate one by cor-
recting the components of the Stokes' vector after col-
lision by a method described below. It should be em-
phasized that the procedure would yield the correct
result for any initial distribution function for and i,
but the statistical fluctuations are less if the initial
distribution functions are reasonably close to the actual
ones. Once the angles 0 and i have been selected, the
angle i is computed from the equations of spherical
trigonometry. It should be noted that it is not neces-
sary to sample and i from a bivariate distribution,
but instead a biased distribution may be used.

Any Monte Carlo calculation may be reduced to the
evaluation of a multidimensional integral, i.e., the com-
putation of the expectation value E of some function
f(771, ?J2; . .. Tm) of the random variables ql, l2 . m
with probability density functions pl(a),p2(U), . . .

with similar relations for Q, U, and V. The random
variable 0 is sampled from the distribution (M1 + M2 )
and i is chosen uniformly between 0 and 2 7r. The

- F'

I
4~~~~~~~~~~~~

. 0~~~
O MONTE C RLO 
* COULSON ET ALT
o MONTE CARLO I _x
X COULSON ETAL a,

0 0 02 0.4 0.6 0.8 1.0
/I -b

Fig. 2. Transmitted radiance as a function of pA for Rayleigh
scattering. See caption for Fig. 1.
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Fig. 3. Polarization of the reflected radiation as a function of
p for Rayleigh scattering. See caption for Fig. 1.

Stokes' vector I is then divided by this distribution
function. The expectation value of the resulting vec-
tor is the same as though it had been sampled from the
correct distribution in both 0 and i. The angle 0 is
sampled from the function (Ml + 1112) in order to im-
prove the statistics of the calculation, particularly
when there is strong forward scattering.

This method was tested by comparing the values
tabulated by Coulson et al.A for Rayleigh scattering
with the results of the Monte Carlo method. The in-
tensities are shown in Figs. 1 and 2 for optical thick-
nesses r = 0.02 and 1. Both the total intensity I and
the difference of the two components of the intensity
Q = - hI are shown. The agreement is excellent
when consideration is given to the inevitable statistical
fluctuations in the Monte Carlo results. For r = 0.02
and 1, the number of photon histories calculated was
10,000 and 5000, respectively; these represented calcu-
lation times of 15 mm and 50 min, respectively, on the
IBM model 360-50 electronic computer. A comparison
of the polarizations calculated for Rayleigh scattering
(using the definition of polarization given by Coulson
et al.5 ) is shown in Figs. 3 and 4. For both T values,
the agreement is excellent. The results of Coulson
et al.A in all these figures are numerically averaged be-
fore they are plotted over the same .L interval as was
used in the Monte Carlo calculation.

Ill. Scattering Function
Two different models of clouds and hazes are

sidered in this paper. The first is the continental
model (haze C) proposed by Deirmendjian. 8

particle concentration is zero for radii less than

con-
haze
The
0.03

As; is 103 cm-3 u- for radii between 0.03 gu and 0.1 a;
is 0.lr -4 cm-3 A-' for radii greater than 0.1 . The
second model (nimbostratus) represents clouds with
moderately large water drops. The particle concen-
tration n(r) is assumed to be

n(r) = 0.00108 r6 exp(-0.5 r). (5)

The maximum particle concentration occurs when r =
12 y.

The scattering matrix was calculated for each of these
models from the Nlie theory by a method previously
described.' The elements of the matrix were averaged
over the particle size distribution by a very accurate
integration routine. A wavelength of 0.7 ,u for the
incident light and a real index of refraction of 1.33 for
the water droplets was assumed for this calculation.
The scattering matrix was calculated at 0.25° intervals
in the forward direction near the strong forward scat-
tering maximum and at 2 intervals in the backward
direction where the elements undergo oscillations. At
the remaining angles the elements for the nimbostratus
model were calculated at 20 intervals and those of the
haze C model at 50 intervals.

The matrix elements calculated in this manner were
used in the Vonte Carlo calculation as described in
Sec. II. The results for the elements of the scattering
matrix are shown in Figs. 5 and 6. The elements for
the nimbostratus model do not vary as smoothly as
those for the more moderate radii of the haze C model.
Because of the many rapid fluctuations of the elements
S21 and D21 for the nimbostratus model, it was not pos-
sible to plot them when their values were less than
7 X 10-4.
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Fig. 4. Polarization of the transmitted radiation as a function of
,u for Rayleigh scattering. See caption for Fig. 1.
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Fig. 5. Four elements (MI, lL2, S, D21) of the scattering matrix
as a function of the scattering angle 0 for the haze C model.
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Fig. 6. Four elements (MI, 2, S21, D21) of the scattering
matrix as a function of the scattering angle 0 for the nimbostratus

model.

All calculations reported here assume a single scat-
tering albedowo of unity and reflection from a Lambert's
surface as representative of the planetary surface. The
incident flux is normalized to unity (instead of the value
7r sometimes chosen).

IV. Reflected Radiance
The reflected radiance was calculated from the scat-

tering matrix for two optical thicknesses ( = 0.1 and
1), two angles of incidence (cosine of incident angle go =
-1 and -0.1), and for the two models (haze C and nim-

bostratus). The results for a surface albedo A = 0 and
0.8 and for po = -1 are shown in Fig. 7. For compar-
ison purposes, the reflected radiances calculated from the
linear theory using a scalar scattering function are also
shown. In most cases, there is very little difference be-
tween the results calculated from the linear and from
the Stokes' vector methods. Where there are dif-
ferences, the values for one case seem to be as often

.0 0 2 .4 0.56 0.8 1.0
/I, 

Fig. 7. Reflected radiance as a function of the cosine of the
zenith angle () for A = 0 and A = 0.8 and po = -1. Curves
are shown for r = 0.1 and 1 and for the haze C and nimbostratus
models. The results obtained from the linear theory and from

Stokes' vectors are compared.
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Fig. 8. Reflected radiance as a function of pu for uo = -0.1 and
A = 0 and 0.8. The results have been averaged over the
azimuth angle measured from the incident plane for 00 to
300 on both sides of this plane. Oi all curves the solar horizon
is on the left-hand side of the figure and the antisolar horizon

on the right-hand side.
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Fig. 9. Reflected radiance as a function of a. Same as Fig. 8
except that the results have been averaged over from 30 to

600 on both sides of the incident plane.
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Fig. 10. Reflected radiance as a function of pu. Same as Fig. 8
except that the results have been averaged over q from 600 to 900

on both sides of the incident plane.

above as below those for the other case. Thus, many of
these differences are undoubtedly due to statistical fluc-
tuations in the Monte Carlo results. When r = 0.1,
10,000 photon histories were processed and when

= 1, 7000, and 5000 photon histories were processed
for yo = -1 and -0.1, respectively.

These results must be interpreted in terms of the
elements of the scattering matrix. Many of the wiggles
in the radiance curves that appear at first sight to be
statistical fluctuations are real and result from varia-
tions in the scattering matrix. For example, the in-
creased radiance values between ,u = 0.7 and 0.8 for
the nimbostratus model are the result of the sharp
maximum in the M1 values at the corresponding angles
and are not fluctuations.

The reflected radiance when o = -0.1 is shown in
Figs. 8-10 as a function of the cosine of the nadir angle
(,). The solar horizon is always on the left-hand side
of these figures and the antisolar horizon on the right-
hand side. The values shown in Fig. 8 have been
averaged over the azimuth angle measured from the
incident plane from 00 to 300 on both sides of this plane.
The values shown in Fig. 9 have been averaged over 
from 300 to 600 on both sides of the incident plane.
Similarly, Fig. 10 gives the values averaged over 4 from
600 to 900. The variation of the radiance with is
usually much more pronounced for photons whose )
value is in the first of these three ranges compared with
those in the last of these ranges.

There is a pronounced increase in the radiance near
the solar horizons when 4 is near 00 and relatively little
increase when 4 is nearer 900. The increase in the first
case is caused by the numerous small angle scattering
events specified by our scattering matrix, whereas in
the second case, the scattering angles must be nearer
900 and thus a much smaller number of photons are
scattered into these angles. Note that in these figures
the scale on the left should be used for the haze C model
and the scale on the right for the nimbostratus model.
The curves for the nimbostratus model are almost al-
ways below the corresponding curves for the haze C
model when 4)> 300, since the corresponding scattering
angles are fairly large and the probability of scattering
into these larger angles is considerably less for the
nimbostratus model than for the haze C model.

V. Transmitted Radiance
The transmitted radiance for Pu = -1 is shown in

Fig. 11. Here once again we have compared the results
of the calculation from the linear theory with a scalar
scattering function and the calculation with the Stokes'
vectors. Once more the differences between the two
results seem quite small. When they do appear, they

I

4

41

1.0

Fig. 1. Transmitted radiance as a function of u.
for Fig. 7.

See caption
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for Fig. 8.
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Fig. 13. Transmitted radiance as a function of p.
for Fig. 9.

See caption

ponents is not too large on the average. Of course,
the complete theory with the Stokes' vectors should be
used if polarization information is desired or if there
are an appreciable number of Rayleigh scattering cen-
ters in the atmosphere.

The transmitted radiance when v = -0.1 is given
in Figs. 12-14. In these figures, use the scale on the
left for the haze C model and the scale on the right for
the nimbostratus model. When the transmitted pho-
ton is near the incident plane, the maximum radiance
value occurs on the solar horizon when = 0.1. This
is caused by the numerous small angle scattering events.
When = 1, the maximum occurs above the solar
horizon. The maximum is much less prominent at
other 0 angles. At angles away from the direction of
the incident beam, the radiance is less in most cases for
the nimbostratus model than for the haze C model.
This is because the probability for scattering through
a given angle is greater for the haze C model than for
the nimbostratus model for all scattering angles except
those near 0 and those near the sharp peak in Ml
nearcos = -0.8.
VI. Polarization of Reflected Light

The polarization of the reflected light is calculated as
part of our iTionte Carlo code. There are several defini-
tions of polarization. In this section we use the Ruben-
son definition of the degree of polarization P as

P = Q/I = (I, - I)/(Ir + II).

See caption

do not show any consistent trend and are probably
mostly due to statistical fluctuations. The differences
are much smaller between the two methods of calcula-
tion when a lie scattering matrix with strong forward
scattering is used than when the Rayleigh matrix is
assumed. This is because in the Rayleigh case the
difference between the two polarized components of
the intensity reaches a maximum at a scattering angle
of 900, since one component of the intensity approaches
zero at 900. In the present models, there is no such
large difference between the two components at any
scattering angle and on the average they are much
closer to each other. Thus, it seems established that
the total intensity can be obtained with reasonable
accuracy for a M\ie particle from the linear theory,
provided that the differences between the two com-

(6)

The components U and V are small compared with I
and Q in almost all cases calculated here, so that this
polarization gives results very close to those obtained
from the definition involving U and V. In addition,
the sign of the Rubenson degree of polarization defines
the orientation of the plane of polarization of the scat-
tered light. When it is positive, the plane of polariza-
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'A-:- USE SCALE ON LEFT

,IA0
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Fig. 14. Transmitted radiance as a function of p. See caption
for Fig. 10.
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the horizon where multiple scattering reduces the
polarization values. Particularly for the nimbostratus
model, the Monte Carlo results by themselves would
appear rather strange and as though they had large
fluctuations. However, the single scattering curve
shows that they faithfully reproduce the many sharp
peaks and valleys in this curve.

When r = 0.1, the polarization is large only when the
surface albedo is near zero. When A = 0.2, the polari-
zation is nearly zero except very close to the horizon.
This of course is due to the strong unpolarized flux of
radiation that is reflected from the surface and can
easily penetrate a cloud with the relatively small 
value of 0.1. When r = 1, it is interesting to see how
the polarization values for A = 0 are reduced from
those for = 0.1 by multiple scattering. However,
when some radiation is reflected from the surface, the
polarization is larger in every case for r = 1 than for

0.8 I0

Fig. 15. Polarization of reflected radiation as a function of u.
Curves are shown for r 0.1 and 1, Po = -1, haze C and nimbo-
stratus models, and A = 0, 0.2, 0.4, 0.6, 0.8, and 1. The con-
tinuous solid curve is the polarization calculated from the

scattering matrix for single scattering events only.
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Fig. 16. Polarization of reflected radiation as a function of U.
Curves are shown for the haze C model, y = -0.1, = 0.1, and
A = 0, 0.2, 0.4, and 1. The results have been averaged over
q5 from 00 to 300 on both sides of the incident plane for the top
set of curves; from 30° to 600 for the middle set of curves; and

from 600 to 900 for the bottom set of curves.

tion of the scattered light is perpendicular to the scat-
tering plane.

The polarization when PG = -1 is shown in Fig. 15.
Values are given for a number of surface albedos A.
The curves for r = 0.1 show for comparison purposes
the polarization calculated from single scattering only.
It is seen that the polarization calculated from the
Monte Carlo method for A = 0 closely follows the
average value of the single scattering curve, except near

00

Fig. 17. Polarization of reflected radiation as a function of u.
Same as Fig. 16 except r = 1.

Fig. 18. Polarization of reflected radiation as a function of p.

Same as Fig. 16 except for nimbostratus model.
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Fig. 19. Polarization of reflected radiation as a function of pA.
Same as Fig. 17 except for nimbostratus model.
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have an appreciable polarization only when A = 0 and
they are near the nadir. When = 0.1 and 4 is near
900, the polarization is negative and its value is be-
tween -0.24 and -0.43 for all /i values when A = 0.
The polarization decreases rapidly to zero when A in-
creases from zero. When r = 1, the polarization values
are generally smaller than those for r = 0.1 when
A = 0. On the other hand, they are in general larger
for r = 1 than for = 0.1 for nonzero values of A as
the unpolarized reflected radiation is polarized by colli-
sions on its way back up through the thicker atmo-
sphere. In some cases, such as A = 0 and 600 < 4) <
900, there were relatively few photons scattered into
this range and so the statistical fluctuations in the result
are greater than for the other curves.

The neutral points have been indicated by arrows on
the figures. The neutral points for the haze C model
are at approximately p = 0.3 and 0.4 when T = 0.1
and are at = 0.6 and 0.4 when = 1 on the side of
the solar and antisolar horizons, respectively. Because
of its more complicated scattering matrix, the nimbo-
stratus model has four neutral points that are at A = 0.2
on the side near the solar horizon, at j = 1, and at
/ = 0.5 and 0.1 on the side near the antisolar horizon.

VII. Polarization of Transmitted Light
The polarization of the transmitted light for ,po =-1

is shown in Fig. 20. We have again shown for compari-
son the polarization calculated from the scattering
matrix for single scattering only. The Monte Carlo
results for = 0.1 again agree well with the single scat-
tering results when these are averaged over the same
p intervals, except near the horizon where they are
lower because of multiple scattering. The polariza-
tions are both positive and negative for the nimbostra-
tus model, but only positive for the haze C model. As
A increases, the polarization of the transmitted light
decreases, but much less rapidly than the polarization

Fig. 20. Polarization of transmitted radiation as a function of u.
Curves are shown for the haze C and nimbostratus models,
T = 0.1 and 1, PA = -1, and A = 0, 0.2, 0.4, 0.6, 0.8, and 1. The
continuous solid curve is the polarization calculated from the

scattering matrix for single scattering only.

T = 0.1. This is because the radiation that is un-
polarized after reflection from a Lambert's surface
undergoes on the average one or more collisions before
leaving the upper surface of the cloud when r = 1 and
becomes partially polarized by these collisions. The
nimbostratus polarization still has a strong maximum
for between 0.7 and 0.8 corresponding to the large
difference between the elements M1 and M2 of the scat-
tering matrix. For a given nonzero surface albedo A,
the polarization for the nimbostratus model is generally
less than that for the haze C model. This is because a
greater radiation flux reaches the lower surface for a
given r value for the nimbostratus model with its
strong forward scattering than for the haze C model.

The polarization curves for y = -0.1 are given in
Figs. 16-19. The photons near the plane of incidence

Fig. 21. Polarization of transmitted radiation as a function of p.
Curves are shown for the haze C model, Puo = -0.1, r = 0.1, and
A = 0, 0.2, 0.4, and 1. The results have been averaged over
q5 from 0 to 300 on both sides of the incident plane for the top
set of curves; from 30° to 600 for the middle set of curves;

and from 600 to 900 for the bottom set of curves.
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Fig. 22. Polarization of transmitted radiation as a function of p.
Same as Fig. 21 except = 1.

Fig. 23. Polarization of transmitted radiation as a function of U.
Same as Fig. 21 except for nimbostratus model.
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Fig. 24. Polarization of transmitted radiation as a function of p.

Same as Fig. 22 except for nimbostratus model.

of the reflected light. This is because the light re-
flected from the lower surface must be scattered at least
once into a downward direction in order to contribute to
the transmitted light; it is partially polarized by such a
scattering event. Even when A = 1, the polarization
is of the order of 0.1 over much of the range in p for
the haze C model and = 0.1. The polarization is
virtually zero in all cases near the direction of the inci-
dent beam. Except near the horizon, the polarization
of the transmitted beam tends to decrease for all values
of A as the optical thickness increases.

The polarization for P = -0.1 is shown in Figs.
21-24. When 4 is near 00, the polarization is positive
and has a maximum near the zenith. For larger values
of 4, the polarization is either negative or has a small
positive value. The magnitude of the polarization
tends to decrease in all cases as the optical thickness in-
creases, except possibly near the horizon. A compari-
son of the curves for P = -1 and P = -0.1 shows
that the maximum polarization values tend to occur in
a region approximately 900 from the direction of the
incident beam. However, interesting differences show
up between the models. For the haze C model, the
maximum polarization occurs for 4 near 0 in the 
interval from 1 to 0.9 in the direction of the antisolar
horizon. On the other hand, for the nimbostratus
model, the polarization is large for A between 1 and 0.5
and reaches a maximum in the pi interval from 0.6 to
0.5 in the direction of the antisolar horizon. This is
caused by the relatively large difference between the
M1 and M2 components of the scattering matrix for
the nimbostratus model and for scattering angles
somewhat greater than 900.

The neutral points have been indicated by arrows on
the polarization curves. The nimbostratus model has
an extra neutral point near the zenith since it has a
region where the polarization is slightly negative from
y = 0.4 to 1 in the direction of the solar horizon.

This work was supported by the Air Force Cambridge
Research Laboratories Office of Aerospace Research,
and by the National Aeronautics and Space Adminis-
tration.
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